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Abstract
Let n be a polysurface group of length n. It is commensurable with a fundamental group of
a 2n-manifold X (n) which is considered as an n-step iterated surface-5bration. Our interest is
in the algebraic structure of the iterated surface-5bration. In this paper, the purpose is to 5nd
some properties of n independent of the choice of the 5ltration 1 = 0⊂1⊂2⊂ · · ·⊂n.
We notice that operator homomorphisms i :i=i−1 → Out(i−1) (i = 2; : : : ; n) are of three
types, and prove that the number of the operator homomorphisms of each type is independent
of the choice of the 5ltration of n for some cases. Moreover, we are also concerned with the
case that n is embedded in a connected linear Lie group without compact factor as a discrete
cocompact subgroup. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 20F38; 22E40
1. Introduction
A 5nitely generated torsion free group  is called a polysurface group of length n
if there is a 5ltration F= {r}0≤r≤n of  such that
1. 1 = 0⊂1⊂ · · ·⊂n−1⊂n = ,
2. for each r, r / r+1 and r+1=r is the fundamental group of an orientable closed
surface of genus¿ 1.
We call F a polysurface &ltration. We say that F is characteristic when r is a
characteristic subgroup of r+1 for each r (1 ≤ r ≤ n − 1). A polysurface group of
length 1 is called, by de5nition, a surface group.
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Note that a polysurface group  may have two or more 5ltrations satisfying the
above conditions, but the length is uniquely determined. For each r (2 ≤ r ≤ n), we
have the exact sequence
1→ r−1 → r → S(r) = r=r−1 → 1;
where S(r) is a surface group.
This determines a homomorphism
r : S(r) → Out(r−1) = Aut(r−1)=Inn(r−1);
called, by de5nition, the rth operator homomorphism of F. It is clear that every
operator homomorphism r is of one of the following types:
(1) Type I: r is not injective and has an in5nite image.
(2) Type II: r has a 5nite image.
(3) Type III: r is injective.
Let F= {r}0≤r≤n be the 5ltration of a polysurface group . We de5ne
tT(F) = #{i | i: of type T} for each type T = I; II; III:
Note that tI(F) + tII(F) + tIII(F) = n− 1.
In a series of his works Johnson [2,3], has studied polysurface groups  of length 2,
especially the type of 2 :2=1 → Out(1).
Motivated by his works, we shall consider the invariance of the numbers tI(F),
tII(F) and tIII(F).
We have the following:
Theorem A. tIII(F) is independent of the choice of &ltration.
We de5ne this number as tIII().
Theorem B. If tIII() = 0; then tI(F) and tII(F) are independent of the choice of
&ltration.
We shall de5ne a restricted class of polysurface groups for which additional results
can be obtained.
We call a polysurface group  a lattice polysurface group if  is a cocompact
discrete subgroup of a connected non-compact linear Lie group without non-trivial
compact factors. We note that if  is a lattice polysurface group, then every subgroup
of  of 5nite index is also so.
In the sequel, unless the contrary is stated explicitly, let G denote a connected linear
Lie group without nontrivial compact factors in which  is embedded as a discrete
cocompact subgroup.
For a lattice polysurface group, we shall prove the following:
Theorem C. Let  be a lattice polysurface group. Then tI(F) = 0 for every poly-
surface &ltration F; and tII(F); tIII(F) are invariants of the group .
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We say that a polysurface group  has the property A if every abelian subgroup
of  is cyclic. It is well known that every surface group has the property A.
Remark. We have no genuine examples of polysurface groups other than products of
surface groups or the interesting polysurface groups of length 2 de5ned by Johnson in
[1,4].
2. Preliminaries
Proposition 2.1. Let  be a polysurface group with a polysurface &ltration F =
{r}0≤r≤n and  a subgroup of  of &nite index with a &ltration F0 = {0; r} such
that each 0; r is a subgroup of r of &nite index. Then we have
tT (F) = tT (F0) for T = I; II; III:
Proof. For k (k = 1; 2; : : : ; n), consider the following commutative diagram:
(∗) : 1 → k−1 → k pk→ S(k) → 1
↑ ↑ ↑
(∗)′ : 1 → 0; k−1 → 0; k → S0(k) → 1:
Then the types of (∗) and (∗)′ are equal. Assume that (∗) is of type II. Then there exists
a subgroup T of S of 5nite index such that T acts on k−1 trivially by conjugation.
Since T ∩ S0(k) is of 5nite index in S0(k), the type of (∗)′ is II. Conversely, assume
that (∗)′ is of type II. Then there exists a normal subgroup T0 of S0(k) of 5nite index
acting trivially on 0; k−1 by conjugation. We may assume T0 is also normal in S.
De5ne ′ = p−1k (T0). It is clear that 
′ is a subgroup of k of 5nite index and
isomorphic to k−1×T0. This implies immediately that the type of (∗) is II. Next, we
shall show that the type (∗)′ is I if and only if the type of (∗) is I. Assume (∗) is
of type I. Since S(k) has the property A, we have ker k ∩ S0(k) = ∅, which implies
(∗)′ is not of type III. If (∗)′ is of type II, (∗) is also of type II. Hence (∗)′ must be
of type I. Conversely, we assume (∗)′ is of type I. Then we have that Z0; k (0; k−1) is
a free group and 0; k−1 × Z0; k (0; k−1) is contained in k . It is now easy to see that
Z0; k (0; k−1) is contained in Zk (k−1). This implies (∗) is of type I. Hence it is also
shown that the type of (∗)′ is III if and only if the type of (∗) is III. This completes
the proof of the proposition.
Proposition 2.2 (Proposition 4:6 in [3]). Let  be a polysurface group with a poly-
surface &ltration F={r}0≤r≤n. Then there exists a subgroup  of &nite index with
a characteristic polysurface sub&ltration H= {r}0≤r≤n such that r is a subgroup
of r of &nite index for each r ∈ {1; 2; : : : ; n}.
We say that F is a strong polysurface 5ltration when r is normal in n for each r.
Note that if F= {r}0≤r≤n is strong, then for each r, Zr (r−1) are normal in .
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We have the following:
Proposition 2.3. Let  have two polysurface &ltrations F1 = {1r}0≤r≤n and F2 =
{2r}0≤r≤n with a characteristic polysurface sub&ltrationsH1={1r}0≤r≤n andH2=
{2r}0≤r≤n respectively. Set 0 = 1n ∩ 2n and consider the two &ltrations of 0:
H1 ∩ 2n = 1n ∩ 2n⊃1n−1 ∩ 2n⊃ · · ·⊃11 ∩ 2n⊃{1};
H2 ∩ 1n = 1n ∩ 2n⊃1n ∩ 2n−1⊃ · · ·⊃1n ∩ 21⊃{1}:
Then we have
tA(F1) = tA(H1) = tA(H1 ∩ 2n);
tA(F2) = tA(H2) = tA(H2 ∩ 1n)
for every type A. Note that the &ltrations H1 ∩ 2n and H2 ∩ 1n are strong.
This follows from Proposition 2.1.
This proposition implies that, in the study of the set of types of operator homomor-
phisms, polysurface 5ltrations may be assumed to be strong. From now on we shall
make this assumption.
Proposition 2.4. Let  be a polysurface group of length n. If
Z × Z × · · · × Z︸ ︷︷ ︸
m times
⊂;
then m ≤ n.
Proof. We shall prove the proposition by induction on n. It is easy to prove the
proposition for n=1. Assume m¿n ≥ 2. Consider the following commutative diagram:
1 −−−−−−−−−→ n−1 −−−−−−−−−→ 
pn−−−−−−−−−→ S(n) −−−−−−−→1


1 −−−−−→ kerpn |Zm −−−−−→ Z × · · · × Z︸ ︷︷ ︸
m times
pn|Zm−−−−−→ pn(Zm) −−−−−→ 1;
where Zm = Z × · · · × Z .
It follows from the property A of S(n) that pn |Zm must be not injective and
Impn |Zm is isomorphic to Z and hence kerpn |Zm is of rank m− 1. It follows from
the induction hypothesis that m− 1 ≤ n− 1, which contradicts our assumption.
We shall need the following two lemmas in order to prove the subsequent proposi-
tions.
Lemma 2.5. Let {r}0≤r≤n be a polysurface &ltration. Then the ith operator homo-
morphism i is of type I; II; or III if and only if the centralizer Zi(i−1) of i−1 in
i is a free group of in&nite rank; a surface group or a trivial group; respectively.
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Proof. Consider the following exact sequence:
1 → i−1 → i pi→ S(i) → 1:
Since i−1 is centerless, we have
p−1i (ker i) ∼= i−1 × ker i:
It is easy to see that ker i ∼= Zi(i−1), which proves our assertion.
Lemma 2.6 (Proposition 5:5 in [3]). Let H be a torsion free normal subgroup of G1×
G2; where G1; G2 both have the property that every non-trivial normal subgroup is
non-abelian. If H has the property A; then either
H ⊂G1 or H ⊂G2:
From now till the end of this section, polysurface 5ltrations are assumed to be
characteristic.
Let  = 1 × 2 × · · · × k × F1 × F2 × · · · × Fl be a subgroup of a polysurface
group , where i’s are normal surface groups and Fi’s free normal subgroups of 
of in5nite rank . We say that  is special when  contains no subgroup of form ×
or × F , where  is a normal surface subgroup or F is a normal free subgroup with
in5nite rank, extra special when it is special and each Fi is not contained in normal
surface subgroup of .
Proposition 2.7. Let  be a polysurface group with a (characteristic) polysurface
&ltration F= {r}0≤r≤n. Then tI(F)+ tII(F)=m if and only if  contains a special
subgroup
= 1 × 1 × 2 × · · · × k × F1 × F2 × · · · × Fl
for some integers k and l with k + l= m.
Proof. It is not diJcult to prove the proposition when n= 2.
We 5rst prove the “if” part of the proposition.
We have the following three cases.
Case 1: pn|i and pn|Fj are trivial for each i ∈ {1; 2; : : : ; k} and j ∈ {1; 2; : : : ; l}.
Since  is special, n is of type III. By induction on n, we have
tI(F|n−1) + tII(F|n−1) = k + l;
which implies that tI(F) + tII(F) = k + l = m, where F|n−1 denotes the 5ltration
{r}0≤r≤n−1 of n−1.
Case 2: pn|i = 1 for some i, say pn|k = 1.
Since S(n) has the property A,
pn|i = 1 (∀i = k) and pn|Fj = 1 (∀j ∈ {1; 2; : : : ; l}):
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If pn|k is injective, then n is of type II and we have
1 × 1 × · · · × k−1 × F1 × · · · × Fl⊂n−1:
By induction hypothesis, we have
tI(F|n−1) + tII(F|n−1) = k − 1 + l;
which implies
tI(F) + tII(F) = k + l= m:
If pn|k is not injective, n is of type III and
′ = 1 × · · · × k−1 × kerpn |k × F1 × · · · × Fl⊂n−1 :
We shall show that ′ is special in n−1. Assume the contrary, in other words, ′ ×
⊂n−1, where  is a surface group or a free group of in5nite rank, normal in n−1
and  ∩ k =1, because  ∩ kerpn|k =1. Then we have ×⊂. It follows from
Lemma 2.6 that  is the centralizer of some i (i ≤ n− 2) in n−1 and hence normal
in , which means  is not special in .
Case 3: pn|Fj = 1 for some j ∈ {1; 2; : : : ; l}.
The treatment of this case is completely analogous to Case 2.
Next, we prove the “only if” part of the proposition. We use the property of strong-
ness of the 5ltration F. It follows from Lemma 2.5 that  contains the subgroup
1 × Z2 (1)× · · · × Zn(n−1);
where Zk+1(k) is a surface group, a free group of in5nite rank or a trivial group and
hence we have a subgroup  = 1 × 1 × · · · × k × F1 × · · · × Fl. If k or l is not
maximal, then the argument of the proof of “if part” shows tI(F) + tII(F)¿k + l.
Therefore,  is special.
Proposition 2.8. Let  be a polysurface group of length n. If  contains two special
subgroups
1 × 2 × · · · × k × F1 × · · · × Fl;
′1 × ′2 × · · · × ′k′ × F ′1 × · · · × F ′l′ ;
then we have k + l= k ′ + l′.
Proof. Put  = 1 × · · · × k × F1 × · · · × Fl. Since  is special, ′′i =  ∩ ′i = 1
for all i ∈ {1; 2; : : : ; k ′}. In fact, if  ∩ ′i =1, then ×′i ⊂, which contradicts the
speciality of . Similarly F ′′j = ∩ F ′j = 1 for all j ∈ {1; 2; : : : ; l′}. ′′i and F ′′j satisfy
the property A for all i ∈ {1; 2; : : : ; k ′}; j ∈ {1; 2; : : : ; l′}, it follows from Lemma 2.6
that we have
′′i ⊂hi or Fhi for all i ∈ {1; 2; : : : ; k ′} for some hi;
F ′′j ⊂gj or Fgj for all j ∈ {1; 2; : : : ; l′} for some gj:
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Since i’s, Fj’s satisfy the property A, the indices hi and gj are uniquely determined.
This implies k ′+ l′ ≤ k + l. By exchanging the roles of {i; Fj} and {′i ; F ′j}, we can
show that k + l ≤ k ′ + l′.
Corollary 2.9. Let  be a polysurface group. Then tIII(F) and tI(F) + tII(F) are
independent of the choice of polysurface &ltration F.
Proof. Let F= {r}0≤r≤n and F′ = {′r}0≤r≤n be two 5ltrations with
(1) tI(F) = l; tII(F) = k;
(2) tI(F′) = l′; tII(F′) = k ′.
It follows from Proposition 2.7 that  contains two special subgroups
= 1 × 1 × · · · × k × F1 × · · · × Fl;
′ = ′1 × ′1 × · · · × ′k′ × F ′1 × · · · × F ′l′ :
It follows from Proposition 2.8 that k + l = k ′ + l′. This completes the proof of the
corollary.
Proposition 2.10. Let  be a polysurface group with a polysurface &ltration F =
{r}0≤r≤n. Then tIII(F) = 0; tI(F) = l and tII(F) = k if and only if  contains an
extra special subgroup
1 × 1 × 2 × · · · × k × F1 × · · · × Fl; k + l= n− 1:
Proof. The “if” part of the proposition follows immediately from Proposition 2.7.
The “only if” part of the proposition follows from Proposition 2.7 for the claim that
the subgroup
= 1 × 1 × 2 × · · · × k × F1 × · · · × Fl; k + l= n− 1;
is extra special. It follows from the arguments of the proof of Proposition 2.7 and the
strongness of F that
= 1 × Z2 (1)× · · · × Zn(n−1):
Assume Fk =Zk+1(k) is a free group of in5nite rank, in other words, k+1 is of type
I. Suppose Fk is contained in a normal surface group . Since  has the property A,
we have
 ∩
∏
j =k
Zj+1(j) = 1:
This implies that
1 × ×
∏
j =k
Zj+1(j)⊂:
It follows from the argument of the proof of Proposition 2.7 that k+1 is of type II,
which is a contradiction. Thus we have proved that  is extra special.
322 T. Kawabe, T. Watabe / Journal of Pure and Applied Algebra 162 (2001) 315–325
Corollary 2.11. Let  be a polysurface group of length n. If  has a polysurface
&ltration F such that tIII(F) = 0; then we have
1. tIII(F′) = 0;
2. tI(F′) = tI(F);
3. tII(F′) = tII(F);
for every polysurface &ltration F′ of .
Proof. This follows immediately from Proposition 2.10.
Now we shall prove Theorems A and B in the introduction.
It follows from Proposition 2.3 that polysurface 5ltrations can be assumed to be
strong. Now Theorem A follows from Corollary 2.9 and Theorem B follows from
Corollary 2.11.
3. Lattice polysurface groups
In this section, we shall consider lattice polysurface groups and prove Theorem C
in the introduction. We note some properties of a lattice group.
1. Let H be a connected semisimple Lie group. De5ne G = AdH . Then G is a con-
nected semisimple adjoint R-group and AdH = G(R)◦ [5].
2. Let H be a connected linear semisimple Lie group with trivial center and G=AdH .
Then H = G(R)◦ [5].
3. Let G be a connected linear semisimple Lie group and  :G → GL(n;R) be a
faithful representation. Let G be the Zariski closure of (G) in GL(n;R) . Then
G◦R = (G). We call the topology induced by  the Zariski topology on G [5].
Proposition 3.1. Let  be a lattice polysurface group. Then G is semisimple.
Proof. Let R be the radical of G. Assume R is not trivial. Since R=R ∩  is compact
(see [6]) and G=R is non-compact,  ∩ R is a non-trivial solvable normal subgroup
of . It is easy to see that a polysurface group has no non-trivial solvable normal
subgroup.
Let  be a lattice polysurface group.  is called reducible when there exist in5nite
normal subgroups G1 and G2 of G such that
1. G1 ∩ G2⊂Z(G).
2. G1 · G2 = G.
3. ( ∩ G1)( ∩ G2) is of 5nite index in .
Otherwise,  is called irreducible.
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The following theorem is proved in [5, (Chapter IX, Theorem 6:14)].
Theorem. Let  be a lattice in a connected semisimple Lie group G. If  is irre-
ducible in G and rankR G¿ 1; then =[; ] is &nite.
Corollary. Let  be a lattice polysurface group. If  is irreducible; then rankR
(G) = 1.
This follows from the fact that if  is a polysurface group, then =[; ] is in5nite.
Proposition 3.2. Let  be a lattice polysurface group with a characteristic poly-
surface &ltration {r}0≤r≤n. If rankR(G) = 1; then the operator homomorphism
k : S = k=k−1 → Out(k−1) is of type III for every k ∈ {2; 3; : : : ; n}.
Proof. Note that G is simple. Assume that the operator homomorphism k is not
injective. Choose a non-identity element !1 ∈ S such that k(!1)= 1. Then there exists
an element ! ∈  such that
! !2!−1 = !′!2!′−1; ∀!2 ∈ k−1;
where !′ is an element of k−1. Since ! is not in k−1, !′−1!(= 1) ∈ Z(k−1), where
Z(k−1) is the centralizer of k−1 in .
Let A(k−1) denote the Zariski closure of k−1 in G. Clearly ⊂NG(A(k−1)),
where NG(A(k−1)) is the normalizer of A(k−1) in . NG(A(k−1)), being an alge-
braic subgroup of G, we have A()⊂NG(A(k−1)) and hence G = NG(A(k−1)),
which means A(k−1) / G and then A(k−1) = G. Choose an element ! = 1 in
Z(k−1). Clearly ! ∈ ZG(k−1)⊂ZG(A(k−1)) = ZG(G) = Z(G) (the center of
G). Thus ! is contained in  ∩ Z(G) = Z(), which is a contradiction.
Next, we shall consider that case rankR(G)¿ 1.
Since  is reducible, we may assume, by considering the quotient by the center, if
necessary, that G = G1 × G2 × · · · × Gr and 1 × 2 × · · · × r is a subgroup of 
of 5nite index, where i =  ∩ Gi.
We have the following:
Proposition 3.3. We have
1. 1¡r¡ 2(n+ 1).
2. If r=n; then Gi=PSL2(R) for all i and hence  has a product of n surface groups as
a subgroup of &nite index. In particular; the types of all operator homomorphisms
are II.
Proof. We have dim \G=K = 2n, where K is a maximal compact subgroup of G.
It is clear that dim \ G=K ≥ 2r, which implies 1¡r¡ 2(n+ 1).
It is easy to show the statement 2.
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Proposition 3.4. Let  be a reducible lattice polysurface group with a polysurface
&ltration {k}0≤k≤n and G = G1 × G2 × · · · × Gr the decomposition of G. Then
i = Gi ∩  is an irreducible lattice polysurface group for every i ∈ {1; 2; : : : ; r}.
Proof. We shall prove the proposition by induction on length n of . It is clear that the
proposition holds when n=2. Assume the proposition holds for every length ≤ n− 1.
Note that  = 1 × 2 × · · · × r is a subgroup of  of 5nite index. Consider the
following commutative diagram:
1 −−−−−−−→ n−1 −−−−−→ 
pn−−−−−→ S(n) −−−−−→ 1


1 −−−−−→  ∩ n−1 −−−−−→  −−−−−→ pn() −−−−−→ 1:
We claim that there exists a unique i such that pn(i) = 1. In fact, otherwise, there
exist at least two i; j (i = j) such that pn(i) = 1 and pn(j) = 1. This implies
there exist two non-identity elements pn('i); pn('j) which generate a non-cyclic abelian
subgroup of S(n). This contradicts the property A for surface group S(n) and proves
our claim. Now we have the following commutative diagram:
1 −−−−−−−−−−−→ n−1 −−−−−−−−−−−→ 
pn−−−−−→ S(n) −−−−−→ 1


1 −−−−−→

 r∏
j =i
j

× (i ∩ n−1) −−−−−→  −−−−−→ pn(i) −−−−−→ 1:
Since (
∏r
j =i j)×(i ∩ n−1) is of 5nite index in n−1, i ∩ n−1 is 5nitely generated.
By the induction hypothesis, j (j = i) and i ∩ n−1 are lattice polysurface groups.
It follows from the exact sequence
1 → i ∩ n−1 → i → pn(i) → 1
that i is also a lattice polysurface group.
We have the following:
Proposition 3.5. Let  be a lattice polysurface group of length n with a polysurface
&ltration F. Assume G is a product G1×G2×· · ·×Gr of connected semisimple linear
Lie groups Gi without compact factors with rankR(Gi) = 1 for every i ∈ {1; 2; : : : ; r}.
Then we have
tII(F) = r − 1; tIII(F) = n− r:
Proof. We 5rst prove the case r = 2. We may assume  = 1 × 2, where i is
an irreducible cocompact lattice of Gi and rankR Gi = 1 for each i = 1; 2. We have a
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5ltration of 
=1 × 2⊃1 × 2; l−1⊃ · · ·⊃1 × 2;1
⊃1⊃1; k−1⊃1; k−2⊃ · · ·⊃1;1⊃ 1:
Here {1; t}0≤t≤k ; {2; s}0≤s≤l are 5ltrations of  ∩ G1 and  ∩ G2, respectively.
It is clear that tII(F) = 1 and tIII(F) = k − 1 + l − 1 = n − 2 by Proposition 3:2.
Now it is straightforward to prove the proposition for r ¿ 2.
It is now easy to prove Theorem C by Proposition 3.2 and Proposition 3.5.
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